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a b s t r a c t
In this paper, the concepts of intuitionistic fuzzy sets are introduced to Lie superalgebras.
Intuitionistic fuzzy Lie sub-superalgebras and intuitionistic fuzzy ideals of Lie superalge-
bras are defined and related properties are investigated. As the applications of intuitionistic
fuzzy Lie sub-superalgebras and intuitionistic fuzzy ideals, the properties of intuitionistic
fuzzy Lie sub-superalgebras and intuitionistic fuzzy ideals under homomorphisms of Lie
superalgebras are studied. The intuitionistic fuzzy bracket product is also introduced and
its characterization is established.
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1. Introduction
Lie superalgebras which are the generalizations of Lie algebras had been constructed in [1] by Kac. They became a
topic of interest in physics in the context of ‘supersymmetries’ relating particles of different statistics [2]. Furthermore, Lie
superalgebras had foundmany applications in computer science, such as unimodal polynomials [3]. Hence Lie superalgebras
have many applications in several branches of both pure and applied sciences.
After the introduction of fuzzy sets by Zadeh [4], there are a number of generalizations of this fundamental concept. The
notion of intuitionistic fuzzy sets introduced by Atanassov [5] is one among them. For more details on intuitionistic fuzzy
sets, we refer the readers to [5,6]. Recently, many mathematicians have been involved in extending the concepts and re-
sults of abstract algebra to the broader framework of the intuitionistic fuzzy setting [7–17]. For example, Biswas applied
the concepts of intuitionistic fuzzy sets to the theory of groups and studied intuitionistic fuzzy subgroups of a group in [7];
Banerjee et al. studied intuitionistic fuzzy subrings and ideals of a ring in [8] and Jun et al. investigated intuitionistic nil rad-
icals of intuitionistic fuzzy ideals in rings in [9]; Davvaz, Dudek and Jun [10] applied the notion of intuitionistic fuzzy sets to
Hυ-modules. On the other hand, the fuzzy Lie subalgebras and fuzzy Lie ideals which were considered in [18] by Kim and
Lee, and in [19,20] by Yehia had been successful in establishing the analogues of most of the fundamental ground results
involving Lie algebras in the fuzzy setting.We know that fuzzy sets are intuitionistic fuzzy sets but the converse is not neces-
sarily true [5]. So Akram studied Lie algebras in the intuitionistic fuzzy sets and obtained some results [11–13]. Intuitionistic
fuzzy set theory has been applied in different areas, such as logic programming, decision making problems, etc. In order to
discuss the generalization of the concepts, we will introduce the concepts of intuitionistic fuzzy sets to Lie superalgebras.
We proceed as follows. In Section 2, we recall some basic definitions and notations which will be used in what follows. In
Section 3, we introduce the definition of Z2-graded intuitionistic fuzzy vector subspaces, define intuitionistic fuzzy Lie sub-
superalgebras, intuitionistic fuzzy ideals and consider their characterization. In Section 4, we discuss the images as well as
preimages of intuitionistic fuzzy Lie sub-superalgebras and intuitionistic fuzzy ideals under homomorphisms. In Section 5,
we study the intuitionistic fuzzy bracket product which will contribute to consider the solvable and nilpotent intuitionistic
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fuzzy ideals of Lie superalgebras. As the first step in this direction, we prove the main Theorem 5.4. This proof depends
on the linearity of sup-min product [ , ]. In [19], the author proved that if µ1, µ2, ν are fuzzy ideals in Lie algebras, then
[µ1 + µ2, ν] ⊆ [µ1, ν] + [µ2, ν]. In fact, we show that the formula is equal in Lie superalgebras. Of course, it is true in Lie
algebras.
2. Preliminaries
In this section, some relevant definitions and notations are reproduced.
Definition 2.1. Let V be a k-vector space. An intuitionistic fuzzy set (IFS for short) of V defined as an object having the form
A = {〈x, µA(x), νA(x)〉|x ∈ V }, where the functions µA : V → [0, 1] and νA : V → [0, 1] denote the degree of membership
(namely µA(x)) and the degree of non-membership (namely νA(x)) of each element x ∈ V to the set A, respectively, and
0 ≤ µA(x)+ νA(x) ≤ 1 for each x ∈ V . For the sake of simplicity, we shall use the symbol A = (µA, νA) for the intuitionistic
fuzzy set A = {〈x, µA(x), νA(x)〉|x ∈ V }.
In this paper, we use the symbols a ∧ b = min{a, b} and a ∨ b = max{a, b}.
Definition 2.2. Let A = (µA, νA) and B = (µB, νB) be intuitionistic fuzzy sets of a vector space V . Then
(1) A ⊆ B iff µA(x) ≤ µB(x) and νA(x) ≥ νB(x) for all x ∈ V ,
(2) A ∩ B = {〈x, µA(x) ∧ µB(x), νA(x) ∨ νB(x)〉|x ∈ V },
(3) A ∪ B = {〈x, µA(x) ∨ µB(x), νA(x) ∧ νB(x)〉|x ∈ V },
(4) A = {〈x, µA(x), µcA(x)〉|x ∈ V },
(5) ♦A = {〈x, νcA(x), νA(x)〉|x ∈ V }.
Definition 2.3. An intuitionistic fuzzy set A = (µA, νA) of a vector space V is called an intuitionistic fuzzy vector subspace
of V , if it satisfies the following conditions: for any x, y ∈ V and α ∈ k
(1) µA(x+ y) ≥ µA(x) ∧ µA(y), and νA(x+ y) ≤ νA(x) ∨ νA(y),
(2) µ(αx) ≥ µA(x), and νA(αx) ≤ ν(x).
From this definition, we know that for any x ∈ V , µA(0) ≥ µA(x) and νA(0) ≤ νA(x). In this paper, we always assume
that µA(0) = 1 and νA(0) = 0.
Definition 2.4. Let A = (µA, νA) and B = (µB, νB) be intuitionistic fuzzy vector subspaces of a vector space V . The
intuitionistic sum of A = (µA, νA) and B = (µB, νB) is defined to the intuitionistic fuzzy set A + B = (µA+B, νA+B) of V
given by
µA+B(x) =
{
sup
x=a+b
{µA(a) ∧ µB(b)} if x = a+ b
0 otherwise,
νA+B(x) =
{
inf
x=a+b{νA(a) ∨ νB(b)} if x = a+ b
1 otherwise.
Further, if A ∩ B = (µA∩B, νA∩B) = (10, 1c0), where 10 is the fuzzy subset which takes the value 1 at 0 and 0 elsewhere and
1c0 is the fuzzy subset which takes the value 0 at 0 and 1 elsewhere, then A+ B is said to be the direct sum and denoted by
A⊕ B.
Lemma 2.1. Let A = (µA, νA) and B = (µB, νB) be intuitionistic fuzzy vector subspaces of vector space V . Then A + B =
(µA+B, νA+B) is also an intuitionistic fuzzy vector subspace of V .
Proof. For any x, y ∈ G , we have
µA+B(x) ∧ µA+B(y) = sup
x=a+b
{µA(a) ∧ µB(b)} ∧ sup
y=c+d
{µB(c) ∧ µB(d)}
= sup
x=a+b,y=c+d
{(µA(a) ∧ µB(b)) ∧ (µA(c) ∧ µB(d))}
= sup
x=a+b,y=c+d
{(µA(a) ∧ µA(c)) ∧ (µB(b) ∧ µB(d))}
≤ sup
x=a+b,y=c+d
{µA(a+ c) ∧ µB(b+ d)}
= µA+B(x+ y)
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and
νA+B(x) ∨ νA+B(y) = inf
x=a+b{νA(a) ∨ νB(b)} ∨ infy=c+d{νB(c) ∨ νB(d)}
= inf
x=a+b,y=c+d{(νA(a) ∨ νB(b)) ∨ (νA(c) ∨ νB(d))}
= inf
x=a+b,y=c+d{(νA(a) ∨ νA(c)) ∨ (νB(b) ∨ νB(d))}
≥ inf
x=a+b,y=c+d{νA(a+ c) ∨ νB(b+ d)}
= νA+B(x+ y).
Also, for α ∈ k, we have
µA+B(x) = sup
x=a+b
{µA(a) ∧ µB(b)}
≤ sup
αx=αa+αb
{µA(αa) ∧ µB(αb)}
≤ sup
αx=m+n
{µA(m) ∧ µB(n)}
= µA+B(αx)
and
νA+B(x) = inf
x=a+b{νA(a) ∨ νB(b)}
≥ inf
αx=αa+αb{νA(αa) ∨ νB(αb)}
≥ inf
αx=m+n{νA(m) ∧ νB(n)}
= νA+B(αx).
Hence A+ B = (µA+B, νA+B) is an intuitionistic fuzzy vector subspace of V . 
Definition 2.5. Let A = (µA, νA) be an intuitionistic fuzzy vector subspace of a vector space V . For α ∈ k and x ∈ V , define
α · A = (µα·A, να·A), where
(µα·A)(x) =
µA(α
−1x) if α 6= 0
1 if α = 0, x = 0
0 if α = 0, x 6= 0
and
(να·A)(x) =
νA(α
−1x) if α 6= 0
0 if α = 0, x = 0
1 if α = 0, x 6= 0.
Definition 2.6. Let f be a mapping from a vector space V to a vector space V ′. If A = (µA, νA) and B = (µB, νB) are
intuitionistic fuzzy vector subspaces in V and V ′, respectively, then the preimage of B = (µB, νB) under f is defined to
be an intuitionistic fuzzy set f −1(B) = (µf−1(B), νf−1(B)) where µf−1(B)(x) = µB(f (x)) and νf−1(B)(x) = νB(f (x)) for any
x ∈ V and the image of A = (µA, νA) under f is defined to be an intuitionistic fuzzy set f (A) = (µf (A), νf (A))where
µf (A)(y) =
{
sup
x∈f−1(y)
{µA(x)} if y ∈ f (V )
0 if y 6∈ f (V ),
νf (A)(y) =
{
inf
x∈f−1(y)
{νA(x)} if y ∈ f (V )
1 if y 6∈ f (V ).
The following results are easy to get. Here we omit the proofs.
Lemma 2.2. Let A = (µA, νA) be an intuitionistic fuzzy vector subspace of V . Then α · A = (µα·A, να·A) is also an intuitionistic
fuzzy vector subspace of V .
Lemma 2.3. Let A = (µA, νA) be an intuitionistic fuzzy vector subspace of vector space V ′ and f be a mapping from vector space
V to V ′. Then the inverse image f −1(A) = (µf−1(A), νf−1(A)) is also an intuitionistic fuzzy vector subspace of V .
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Lemma 2.4. Let A = (µA, νA) be an intuitionistic fuzzy vector subspace of vector space V and f be a mapping from vector space
V to V ′. Then the image f (A) = (µf (A), νf (A)) is also an intuitionistic fuzzy vector subspace of V ′.
Lemma 2.5. Let A = (µA, νA) and B = (µB, νB) be intuitionistic fuzzy vector subspaces of vector space V . Then A ∩ B =
(µA∩B, νA∩B) is also an intuitionistic fuzzy vector subspace of V .
Definition 2.7 ([21]). A Z2-graded vector space G = G0¯ ⊕ G1¯ possessing the operation called the bracket product,
[ , ] : G × G ∈ (x, y) bilinear−−−−−→ [x, y] ∈ G
is called Lie superalgebra, if it satisfies the following conditions:
(1) [Gi, Gj] ⊆ Gi+j (i, j ∈ Z2),
(2) [y, x] = −(−1)|x||y|[x, y],
(3) [x, [y, z]] − (−1)|x||y|[y, [x, z]] = [[x, y], z].
3. Intuitionistic fuzzy Lie sub-superalgebras and intuitionistic fuzzy ideals
We assume that G is a Lie superalgebra over field k.
Definition 3.1. Let V = V0¯ ⊕ V1¯ be a Z2-graded vector space. Suppose that A0¯ = (µA0¯ , νA0¯) and A1¯ = (µA1¯ , νA1¯) are
intuitionistic fuzzy vector subspaces of V0¯, V1¯, respectively.
Define A′
0¯
= (µA′¯
0
, νA′¯
0
)where
µA′¯
0
(x) =
{
µA0¯(x) x ∈ V0¯
0 x 6∈ V0¯, νA′¯0(x) =
{
νA0¯(x) x ∈ V0¯
1 x 6∈ V0¯
and define A′
1¯
= (µA′¯
1
, νA′¯
1
)where
µA′¯
1
(x) =
{
µA1¯(x) x ∈ V1¯
0 x 6∈ V1¯, νA′¯1(x) =
{
νA1¯(x) x ∈ V1¯
1 x 6∈ V1¯.
Then A′
0¯
= (µA′¯
0
, νA′¯
0
) and A′
1¯
= (µA′¯
1
, νA′¯
1
) are the intuitionistic fuzzy vector subspaces of V . Moreover, we have
A′
0¯
∩ A′
1¯
= (µA′¯
0
∩A′¯
1
, νA′¯
0
∩A′¯
1
), where
µA′¯
0
∩A′¯
1
(x) = µA′¯
0
(x) ∧ µA′¯
1
(x) =
{
1 x = 0
0 x 6= 0,
νA′¯
0
∩A′¯
1
(x) = νA′¯
0
(x) ∨ νA′¯
1
(x) =
{
0 x = 0
1 x 6= 0.
So A′
0¯
+ A′
1¯
is the direct sum and is denoted by A0¯⊕ A1¯. If A = (µA, νA) is an intuitionistic fuzzy vector subspace of V and
A = A0¯ ⊕ A1¯, then A = (µA, νA) is called a Z2-graded intuitionistic fuzzy vector subspace of V .
Remark 3.1. (1)
µA(x) = µA0¯⊕A1¯(x) = supx=x1+x2{µA
′¯
0
(x1) ∧ µA′¯
1
(x2)}
= sup
x=x1+x2
{µA′¯
0
(x10¯ + x11¯) ∧ µA′¯1(x20¯ + x21¯) : x1 = x10¯ + x11¯; x2 = x20¯ + x21¯}
= µA′¯
0
(x0¯ + 0) ∧ µA′¯
1
(0+ x1¯) = µA0¯(x0¯) ∧ µA1¯(x1¯)
for any x ∈ V .
νA(x) = νA0¯⊕A1¯(x) = infx=x1+x2{νA′¯0(x1) ∨ νA′¯1(x2)}
= inf
x=x1+x2
{νA′¯
0
(x10¯ + x11¯) ∨ νA′¯1(x20¯ + x21¯) : x1 = x10¯ + x11¯; x2 = x20¯ + x21¯}
= νA′¯
0
(x0¯ + 0) ∨ νA′¯
1
(0+ x1¯) = νA0¯(x0¯) ∨ νA1¯(x1¯)
for any x ∈ V .
(2) A0¯ = (µA0¯ , νA0¯) and A1¯ = (µA1¯ , νA1¯) are called the even part and odd part of A = (µA, νA) respectively.
(3) If A0¯ = (µA0¯ , νA0¯) and A1¯ = (µA1¯ , νA1¯) are given in the following, then A′0¯ = (µA′¯0 , νA′¯0), A
′
1¯
= (µA′¯
1
, νA′¯
1
) are viewed as
their extensions as Definition 3.1.
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Definition 3.2. Let A = (µA, νA) be an intuitionistic fuzzy set of G . Then A = (µA, νA) is called an intuitionistic fuzzy Lie
sub-superalgebra of G , if it satisfies the following conditions:
(1) A = (µA, νA) is a Z2-graded intuitionistic fuzzy vector subspace,
(2) µA([x, y]) ≥ µA(x) ∧ µA(y) and νA([x, y]) ≤ νA(x) ∨ νA(y).
If the condition (2) is replaced by (3) µA([x, y]) ≥ µA(x) ∨ µA(y) and νA([x, y]) ≤ νA(x) ∧ νA(y), then A = (µA, νA) is
called an intuitionistic fuzzy ideal of G .
Example 3.1. Let N = N0¯ ⊕ N1¯, where N0¯ = 〈e〉,N1¯ = 〈a1, . . . , an, b1, . . . , bn〉 and [ai, bi] = e, i = 1, 2, . . . , n, the
remaining brackets being zero. Then N is Lie superalgebra [1].
Define A0¯ = (µA0¯ , νA0¯) where µA0¯ : N0¯ → [0, 1] by µA0¯(x) =
{
0.7 x ∈ N0¯ \ {0}
1 x = 0 , νA0¯ : N0¯ → [0, 1] by νA0¯(x) ={
0.2 x ∈ N0¯ \ {0}
0 x = 0 .
Define A1¯ = (µA1¯ , νA1¯) where µA1¯ : N1¯ → [0, 1] by µA1¯(x) =
{
0.5 x ∈ N1¯ \ {0}
1 x = 0 , νA1¯ : N1¯ → [0, 1] by νA1¯(x) ={
0.4 x ∈ N1¯ \ {0}
0 x = 0 . Define A = (µA, νA) by A = A0¯ ⊕ A1¯. Then A = (µA, νA) is an intuitionistic fuzzy ideal of N.
Lemma 3.1. If A = (µA, νA) is an intuitionistic fuzzy Lie sub-superalgebra (resp. intuitionistic fuzzy ideal) of G , then so is
A = (µA, µcA).
Proof. Since A = (µA, νA) is a Z2-graded intuitionistic fuzzy vector subspace, we have A = A0¯ ⊕ A1¯, where A0¯ =
(µA0¯ , νA0¯), A1¯ = (µA1¯ , νA1¯) are intuitionistic fuzzy vector subspaces of G0¯ and G1¯ respectively, and for x ∈ G , µA(x) =
supx=a+b{µA′¯
0
(a) ∧ µA′¯
1
(b)}.
Define (A)0¯ = (µA0¯ , µcA0¯), (A)1¯ = (µA1¯ , µcA1¯) and define (A)′0¯ = (µA′¯0 , µ
c
A′¯
0
), (A)′
1¯
= (µA′¯
1
, µcA′¯
1
). Obviously,
(A)′
0¯
, (A)′
1¯
are the extensions of (A)0¯, (A)1¯. In order to prove A = (A)′0¯ + (A)′1¯, we only to show that µcA(x) =
infx=a+b{µcA′¯
0
(a) ∨ µcA′¯
1
(b)}. Indeed,
1− µcA(x) = sup
x=a+b
{(1− µcA′¯
0
(a)) ∧ (1− µcA′¯
1
(b))}
= sup
x=a+b
{1− µcA′¯
0
(a) ∨ µcA′¯
1
(b)}
= 1− inf
x=a+b{µ
c
A′¯
0
(a) ∨ µcA′¯
1
(b)}.
So µcA(x) = infx=a+b{µcA′¯
0
(a) ∨ µcA′¯
1
(b)}. Moreover, it is easy to get µcA′¯
0
(x) ∨ µcA′¯
1
(x) =
{
0 x = 0
1 x 6= 0 , we have that A is a
Z2-graded intuitionistic fuzzy vector subspace.
Let x, y ∈ G . SinceµA([x, y]) ≥ µA(x)∧µA(y), we have 1−µcA([x, y]) ≥ 1−µcA(x)∧ 1−µcA(y) and so 1−µcA([x, y]) ≥
1−µcA(x)∨µcA(y). HenceµcA([x, y]) ≤ µcA(x)∨µcA(y). So A = (µA, µcA) is an intuitionistic fuzzy Lie sub-superalgebra. The
case of intuitionistic fuzzy ideal can be proved similarly, we omit here. 
Lemma 3.2. If A = (µA, νA) is an intuitionistic fuzzy Lie sub-superalgebra (resp. intuitionistic fuzzy ideal) of G , then so is
♦A = (νcA, νA).
Proof. The proof is similar to the proof of Lemma 3.1. 
Combining the above two lemmas it is not difficult to verify that the following theorem is valid.
Theorem 3.1. A = (µA, νA) is an intuitionistic fuzzy Lie sub-superalgebra (resp. intuitionistic fuzzy ideal) of G if and only if A
and♦A are intuitionistic fuzzy Lie sub-superalgebras (resp. intuitionistic fuzzy ideals).
The following theorem will show the relations between intuitionistic fuzzy Lie sub-superalgebras (resp. intuitionistic
fuzzy ideals) of G and Lie sub-superalgebras (resp. ideals) of G .
Definition 3.3. For any t ∈ [0, 1] and fuzzy subset µ of G , the set U(µ, t) = {x ∈ G |µ(x) ≥ t} (resp. L(µ, t) = {x ∈
G |µ(x) ≤ t}) is called an upper (resp. lower) t-level cut of µ.
Theorem 3.2. If A = (µA, νA) is an intuitionistic fuzzy Lie sub-superalgebra (resp. intuitionistic fuzzy ideal) of G , then the sets
U(µA, t) and L(νA, t) are Lie sub-superalgebras (resp. ideals) of G for every t ∈ ImµA ∩ ImνA.
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Proof. Let t ∈ ImµA ∩ ImνA ⊆ [0, 1] and let x, y ∈ U(µA, t) and α ∈ k. Because A = (µA, νA) is an intuitionistic fuzzy Lie
sub-superalgebra, we have µA(x + y) ≥ µA(x) ∧ µA(y) ≥ t and µA(αx) ≥ µA(x) ≥ t , then x + y, αx ∈ U(µA, t). For any
x ∈ U(µA, t) ⊆ G , x can be expressed as x = x0¯ + x1¯, where x0¯ ∈ G0¯, x1¯ ∈ G1¯. We want to show that x0¯, x1¯ ∈ U(µA, t).
Since µA(x) = µA0¯(x0¯) ∧ µA1¯(x1¯) ≥ t , if µA0¯(x0¯) ≥ µA1¯(x1¯), we have µA(x1¯) = µA1¯(x1¯) ≥ t , so x1¯ ∈ U(µA, t) and
µA(x0¯) = µA0¯(x0¯) ≥ µA1¯(x1¯) ≥ t , so x0¯ ∈ U(µA, t); if µA1¯(x1¯) ≥ µA0¯(x0¯), we have µA(x0¯) = µA0¯(x0¯) ≥ t , so x0¯ ∈ U(µA, t)
and µA(x1¯) = µA1¯(x1¯) ≥ µA0¯(x0¯) ≥ t , so x1¯ ∈ U(µA, t). Hence U(µA, t) are Z2-graded vector subspaces.
Let t ∈ ImµA ∩ ImνA and x, y ∈ U(µA, t). Then µA(x) ≥ t and µA(y) ≥ t . So µA([x, y]) ≥ µA(x) ∧ µA(y) ≥ t , which
implies that [x, y] ∈ U(µA, t). Hence U(µA, t) are Lie sub-superalgebras of G .
Also, for x ∈ L(νA, t) ⊆ G , x can be expressed as x = x0¯ + x1¯, where x0¯ ∈ G0¯, x1¯ ∈ G1¯. We need to show that
x0¯, x1¯ ∈ L(νA, t). Since νA(x) = νA0¯(x0¯) ∨ νA1¯(x1¯) ≤ t , if νA0¯(x0¯) ≥ νA1¯(x1¯), we have νA(x0¯) = νA0¯(x0¯) ≤ t , so x0¯ ∈ L(νA, t)
and νA(x1¯) = νA1¯(x1¯) ≤ νA0¯(x0¯) ≤ t , so x1¯ ∈ L(νA, t); if νA1¯(x1¯) ≥ νA0¯(x0¯), we have νA(x1¯) = νA1¯(x1¯) ≤ t , so x1¯ ∈ L(νA, t)
and νA(x0¯) = νA0¯(x0¯) ≤ νA1¯(x1¯) ≤ t , so x0¯ ∈ L(νA, t). Hence L(νA, t) are Z2-graded vector subspaces.
Let t ∈ ImµA ∩ ImνA and x, y ∈ L(νA, t). Then νA(x) ≤ t and νA(y) ≤ t . So νA([x, y]) ≤ νA(x) ∨ νA(y) ≤ t , which implies
that [x, y] ∈ L(νA, t). Hence L(νA, t) are Lie sub-superalgebras of G .
The case of intuitionistic fuzzy ideals can be proved similarly. 
Theorem 3.3. If A = (µA, νA) is an intuitionistic fuzzy set of G such that all non-empty level sets U(µA, t) and L(νA, t) are Lie
sub-superalgebras (resp. ideals) of G , then A = (µA, νA) is an intuitionistic fuzzy Lie sub-superalgebra (resp. intuitionistic fuzzy
ideal) of G .
Proof. Firstly, let x, y ∈ G andα ∈ k.Wemay assume thatµA(y) ≥ µA(x) = t1 and νA(y) ≤ νA(x) = t0, then x, y ∈ U(µA, t1)
and x, y ∈ L(νA, t0). SinceU(µA, t1) and L(νA, t0) are vector subspaces, we get x+y, αx ∈ U(µA, t1) and x+y, αx ∈ L(νA, t0).
So µA(αx) ≥ t1 = µA(x) and µA(x + y) ≥ t1 = µA(x) ∧ µA(y), νA(αx) ≤ t0 = νA(x) and νA(x + y) ≤ t0 = νA(x) ∨ νA(y).
Secondly, we show that A = (µA, νA) has a Z2-graded structure.
Define A0¯ = (µA0¯ , νA0¯) where µA0¯ : G0¯ → [0, 1] by x 7→ µA(x), νA0¯ : G0¯ → [0, 1] by x 7→ νA(x) and define A1¯ =
(µA1¯ , νA1¯) where µA1¯ : G1¯ → [0, 1] by x 7→ µA(x), νA1¯ : G1¯ → [0, 1] by x 7→ νA(x). We extend A0¯ = (µA0¯ , νA0¯), A1¯ =
(µA1¯ , νA1¯) to A
′
0¯
= (µA′¯
0
, νA′¯
0
), A′
1¯
= (µA′¯
1
, νA′¯
1
). Define A′
0¯
= (µA′¯
0
, νA′¯
0
), where
µA′¯
0
(x) =
{
µA0¯(x) x ∈ G0¯
0 x 6∈ G0¯, νA′¯0(x) =
{
νA0¯(x) x ∈ G0¯
1 x 6∈ G0¯.
And define A′
1¯
= (µA′¯
1
, νA′¯
1
), where
µA′¯
1
(x) =
{
µA1¯(x) x ∈ G1¯
0 x 6∈ G1¯, νA′¯1(x) =
{
νA1¯(x) x ∈ G1¯
1 x 6∈ G1¯.
It is obvious that A′
0¯
= (µA′¯
0
, νA′¯
0
), A′
1¯
= (µA′¯
1
, νA′¯
1
) are intuitionistic fuzzy vector subspaces of G and for any 0 6= x ∈ G ,
we have
A′0¯ ∩ A′1¯ = (µA′¯0(x) ∧ µA′¯1(x), νA′¯0(x) ∨ νA′¯1(x)) = (0, 1).
Let x ∈ G . We may assume that µA(x) = t , then x ∈ U(µA, t). Because U(µA, t) are Z2-graded vector subspaces, we
have x = x0¯ + x1¯,where x0¯ ∈ G0¯ ∩ U(µA, t) and x1¯ ∈ G1¯ ∩ U(µA, t). Since t = µA(x) = µA(x0¯ + x1¯) ≥ µA(x0¯) ∧ µA(x1¯),
if µA(x0¯) ≥ µA(x1¯), then t ≥ µA(x1¯) ≥ t , we have µA(x1¯) = t . Similarly, if µA(x1¯) ≥ µA(x0¯), we have µA(x0¯) = t . Hence
µA(x) = t = {µA(x0¯)∧µA(x1¯)|x = x0¯+ x1¯} = {µA0¯(x0¯)∧µA1¯(x1¯)|x = x0¯+ x1¯} = supx=a+b{µA′¯0(a)∧µA′¯1(b)} = µA′¯0+A′¯1(x).
Also, we may assume that νA(x) = t , then x ∈ L(νA, t). Because L(νA, t) are Z2-graded vector subspaces, we have
x = x0¯ + x1¯, where x ∈ G0¯ ∩ L(νA, t) and x ∈ G1¯ ∩ L(νA, t). Since t = νA(x) = νA(x0¯ + x1¯) ≤ νA(x0¯) ∨ νA(x1¯), if
νA(x0¯) ≥ νA(x1¯), then t ≤ νA(x0¯) ≤ t , we have νA(x0¯) = t . Similarly, if νA(x1¯) ≥ νA(x0¯), we have νA(x1¯) = t . Hence
νA(x) = t = {νA(x0¯) ∨ νA(x1¯)|x = x0¯ + x1¯} = {νA0¯(x0¯) ∨ νA1¯(x1¯)|x = x0¯ + x1¯} = infx=a+b{νA′¯0(a) ∨ νA′¯1(b)} = νA′¯0+A′¯1(x). So
A = A′
0¯
+ A′
1¯
. Hence we get that A = (µA, νA) is a Z2-graded intuitionistic fuzzy vector subspace.
Let x, y ∈ G and assume that µA(y) ≥ µA(x) = t . Then x, y ∈ U(µA, t). Because U(µA, t) are Lie sub-superalgebras
of G , we get [x, y] ∈ U(µA, t), then µA([x, y]) ≥ t = µA(x) ∧ µA(y). We also assume that νA(x) ≤ t = νA(y), then
x, y ∈ L(νA, t). Because L(νA, t) are Lie sub-superalgebras of G , we get [x, y] ∈ L(νA, t), then νA([x, y]) ≤ t = νA(x) ∨ νA(y).
Thus A = (µA, νA) is an intuitionistic fuzzy Lie sub-superalgebra of G . The case of intuitionistic fuzzy ideal is similar to
show. 
Theorem 3.4. If A = (µA, νA) and B = (µB, νB) are intuitionistic fuzzy Lie sub-superalgebras (resp. intuitionistic fuzzy ideals)
of G , then so is A+ B = (µA+B, νA+B).
Proof. Here we prove the case of intuitionistic fuzzy ideals. We define (A + B)0¯ = (µ(A+B)0¯ , ν(A+B)0¯) where µ(A+B)0¯ =
µA0¯ +µB0¯ , ν(A+B)0¯ = νA0¯ + νB0¯ and define (A+ B)1¯ = (µ(A+B)1¯ , ν(A+B)1¯)whereµ(A+B)1¯ = µA1¯ +µB1¯ , ν(A+B)1¯ = νA1¯ + νB1¯ . By
Lemma 2.1, we know that they are intuitionistic fuzzy subspaces of G0¯, G1¯, respectively.
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We define (A + B)′
0¯
= (µ(A+B)′¯
0
, ν(A+B)′¯
0
) where µ(A+B)′¯
0
= µA′¯
0
+ µB′¯
0
, ν(A+B)′¯
0
= νA′¯
0
+ νB′¯
0
, and define (A + B)′
1¯
=
(µ(A+B)′¯
1
, ν(A+B)′¯
1
) where µ(A+B)′¯
1
= µA′¯
1
+ µB′¯
1
, ν(A+B)′¯
1
= νA′¯
1
+ νB′¯
1
. Obviously, (A + B)′
0¯
, (A + B)′
1¯
are the extensions of
(A+ B)0¯, (A+ B)1¯, respectively.
Let x ∈ G . Then we have
µA+B(x) = sup
x=a+b
{µA(a) ∧ µB(b)}
= sup
x=a+b
{(µA′¯
0
+A′¯
1
)(a) ∧ (µB′¯
0
+B′¯
1
)(b)}
= sup
x=a+b
{ sup
a=m+n
{µA′¯
0
(m) ∧ µA′¯
1
(n)} ∧ sup
b=k+l
{µB′¯
0
(k) ∧ µB′¯
1
(l)}}
= sup
x=a+b
{ sup
a+b=m+n+k+l
{µA′¯
0
(m) ∧ µA′¯
1
(n) ∧ µB′¯
0
(k) ∧ µB′¯
1
(l)}}
= sup
x=a+b
{ sup
a+b=m+n+k+l
{µA′¯
0
(m) ∧ µB′¯
0
(k)} ∧ sup
a+b=m+n+k+l
{µA′¯
1
(n) ∧ µB′¯
1
(l)}}
= sup
x=m+n+k+l
{(µA′¯
0
+B′¯
0
)(m+ k) ∧ (µA′¯
1
+B′¯
1
)(n+ l)}
= µ(A+B)′¯
0
+(A+B)′¯
1
(x)
and
νA+B(x) = inf
x=a+b{νA(a) ∨ νB(b)}
= inf
x=a+b{(νA′¯0+A′¯1)(a) ∨ (νB′¯0+B′¯1)(b)}
= inf
x=a+b{ infa=m+n{νA′¯0(m) ∨ νA′¯1(n)} ∨ infb=k+l{νB′¯0(k) ∨ νB′¯1(l)}}
= inf
x=a+b{ infa+b=m+n+k+l{νA′¯0(m) ∨ νA′¯1(n) ∨ νB′¯0(k) ∨ νB′¯1(l)}}
= inf
x=a+b{ infa+b=m+n+k+l{νA′¯0(m) ∨ νB′¯0(k)} ∨ infa+b=m+n+k+l{νA′¯1(n) ∨ νB′¯1(l)}}
= inf
x=m+n+k+l{(νA′¯0+B′¯0)(m+ k) ∨ (νA′¯1+B′¯1)(n+ l)}
= ν(A+B)′¯
0
+(A+B)′¯
1
(x).
Moreover, for 0 6= x ∈ G , we have
µ(A+B)′¯
0
(x) ∧ µ(A+B)′¯
1
(x) = (µA′¯
0
+B′¯
0
)(x) ∧ (µA′¯
1
+B′¯
1
)(x)
= sup
x=a+b
{µA′¯
0
(a) ∧ µB′¯
0
(b)} ∧ sup
x=a+b
{µA′¯
1
(a) ∧ µB′¯
1
(b)}
= 0,
ν(A+B)′¯
0
(x) ∨ ν(A+B)′¯
1
(x) = (νA′¯
0
+B′¯
0
)(x) ∨ (νA′¯
1
+B′¯
1
)(x)
= inf
x=a+b{νA′¯0(a) ∨ νB′¯0(b)} ∨ infx=a+b{νA′¯1(a) ∨ νB′¯1(b)}
= 1.
So A+ B is a Z2-graded intuitionistic fuzzy vector subspace of G .
Let x, y ∈ G . We need to prove µA+B([x, y]) ≥ µA+B(x) ∨ µA+B(y) and νA+B([x, y]) ≤ νA+B(x) ∧ νA+B(y). Suppose that
µA+B([x, y]) < µA+B(x) ∨ µA+B(y), we have µA+B([x, y]) < µA+B(x) or µA+B([x, y]) < µA+B(y). If µA+B([x, y]) < µA+B(x),
choose a number t ∈ [0, 1], such thatµA+B([x, y]) < t < µA+B(x), then there exist a, b ∈ G ,wehaveµA(a) > t, µB(b) > t.
So µA+B([x, y]) = sup[x,y]=[a,y]+[b,y]{µA([a, y]) ∧ µB([b, y])} > t > µA+B([x, y]), this is a contradiction. The other case can
be proved similarly. Also, suppose that νA+B([x, y]) > νA+B(x) ∧ νA+B(y), we have νA+B([x, y]) > νA+B(x) or νA+B([x, y]) >
νA+B(y). If νA+B([x, y]) > νA+B(x), choose a number t ∈ [0, 1], such that νA+B([x, y]) > t > νA+B(x), then there exist
a, b ∈ G ,wehave νA(a) < t, νB(b) < t. So νA+B([x, y]) = inf[x,y]=[a,y]+[b,y]{νA([a, y])∨νB([b, y])} < t < νA+B([x, y]), this is a
contradiction. The other case can be proved similarly. Therefore,A+B = (µA+B, νA+B) is an intuitionistic fuzzy ideal ofG . 
Theorem 3.5. If A = (µA, νA) and B = (µB, νB) are intuitionistic fuzzy Lie sub-superalgebras (resp. intuitionistic fuzzy ideals)
of G , then so is A ∩ B = (µA∩B, νA∩B).
Proof. Since A = A0¯ ⊕ A1¯ and B = B0¯ ⊕ B1¯, we can define (A ∩ B)0¯ = (µ(A∩B)0¯ , ν(A∩B)0¯) where µ(A∩B)0¯ = µA0¯ ∩ µB0¯ ,
ν(A∩B)0¯ = νA0¯ ∩ νB0¯ and define (A ∩ B)1¯ = (µ(A∩B)1¯ , ν(A∩B)1¯) where µ(A∩B)1¯ = µA1¯ ∩ µB1¯ , ν(A∩B)1¯ = νA1¯ ∩ νB1¯ . By
Lemma 2.5, we get that (A ∩ B)0¯ and (A ∩ B)1¯ are intuitionistic fuzzy subspaces of G0¯, G1¯, respectively. And we define
(A ∩ B)′
0¯
= (µ(A∩B)′¯
0
, ν(A∩B)′¯
0
) where µ(A∩B)′¯
0
= µA′¯
0
∩ µB′¯
0
, ν(A∩B)′¯
0
= νA′¯
0
∩ νB′¯
0
and define (A ∩ B)′
1¯
= (µ(A∩B)′¯
1
, ν(A∩B)′¯
1
)
where µ(A∩B)′¯
1
= µA′¯
1
∩ µB′¯
1
, ν(A∩B)′¯
1
= νA′¯
1
∩ νB′¯
1
. Obviously, they are the extensions of (A ∩ B)0¯ and (A ∩ B)1¯. And it is easy
to get (A ∩ B)′
0¯
∩ (A ∩ B)′
1¯
= (0, 1) for any 0 6= x ∈ G .
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Let x ∈ G . Then
(µ(A∩B)′¯
0
+ µ(A∩B)′¯
1
)(x) = sup
x=a+b
{µ(A∩B)′¯
0
(a) ∧ µ(A∩B)′¯
1
(b)}
= sup
x=a+b
{µA′¯
0
(a) ∧ µB′¯
0
(a) ∧ µA′¯
1
(b) ∧ µB′¯
1
(b)}
= sup
x=a+b
{µA′¯
0
(a) ∧ µA′¯
1
(b)} ∧ sup
x=a+b
{µB′¯
0
(a) ∧ µB′¯
1
(b)}
= µA(x) ∧ µB(x)
= µA∩B(x)
and
(ν(A∩B)′¯
0
+ ν(A∩B)′¯
1
)(x) = inf
x=a+b{ν(A∩B)′¯0(a) ∨ ν(A∩B)′¯1(b)}
= inf
x=a+b{νA′¯0(a) ∨ νB′¯0(a) ∨ νA′¯1(b) ∨ νB′¯1(b)}
= inf
x=a+b{νA′¯0(a) ∨ νA′¯1(b)} ∨ infx=a+b{νB′¯0(a) ∨ νB′¯1(b)}
= νA(x) ∨ νB(x)
= νA∩B(x).
These show that A ∩ B = (µA∩B, νA∩B) is a Z2-graded intuitionistic fuzzy subspace of G .
Let x, y ∈ G . Then µA∩B([x, y]) = µA([x, y]) ∧ µB([x, y]) ≥ µA(x) ∧ µA(y) ∧ µB(x) ∧ µB(y) = µA∩B(x) ∧ µA∩B(y) and
νA∩B([x, y]) = νA([x, y]) ∨ νB([x, y]) ≤ νA(x) ∨ νA(y) ∨ νB(x) ∨ νB(y) = νA∩B(x) ∨ νA∩B(y). Hence A + B = (µA+B, νA+B) is
an intuitionistic fuzzy Lie sub-superalgebra of G . 
4. On Lie superalgebra homomorphisms
Definition 4.1 ([21]). If ϕ : G → G ′ is a linear map between Lie superalgebras G = G0¯ ⊕ G1¯ and G ′ = G ′0¯ ⊕ G ′1¯, which
satisfies:
(1) ϕ(Gi) ⊆ G ′i (preserving the grading),
(2) ϕ([x, y]) = [ϕ(x), ϕ(y)] (preserving the bracket product).
Then ϕ is called a homomorphism of Lie superalgebras.
Proposition 4.1. Let ϕ : G → G ′ be a Lie homomorphism. If A = (µA, νA) is an intuitionistic fuzzy Lie sub-superalgebra (resp.
intuitionistic fuzzy ideal) of G ′, then the intuitionistic fuzzy set ϕ−1(A) of G is also an intuitionistic fuzzy Lie sub-superalgebra
(resp. intuitionistic fuzzy ideal).
Proof. Since ϕ preserves the grading, we have ϕ(x) = ϕ(x0¯+x1¯) = ϕ(x0¯)+ϕ(x1¯) ∈ G ′0¯⊕G ′1¯, for x = x0¯+x1¯ ∈ G .Wedefine
ϕ−1(A)0¯ = (µϕ−1(A)0¯ , νϕ−1(A)0¯) where µϕ−1(A)0¯ = ϕ−1(µA0¯), νϕ−1(A)0¯ = ϕ−1(νA0¯) and define ϕ−1(A)1¯ = (µϕ−1(A)1¯ , νϕ−1(A)1¯)
where µϕ−1(A)1¯ = ϕ−1(µA1¯), νϕ−1(A)1¯ = ϕ−1(νA1¯). By Lemma 2.3, we have that they are intuitionistic fuzzy subspaces of
G0¯, G1¯, respectively.
Then we define ϕ−1(A)′
0¯
= (µϕ−1(A)′¯
0
, νϕ−1(A)′¯
0
), where µϕ−1(A)′¯
0
= ϕ−1(µA′¯
0
), νϕ−1(A)′¯
0
= ϕ−1(νA′¯
0
), and ϕ−1(A)′
1¯
=
(µϕ−1(A)′¯
1
, νϕ−1(A)′¯
1
),where µϕ−1(A)′¯
1
= ϕ−1(µA′¯
1
), νϕ−1(A)′¯
1
= ϕ−1(νA′¯
1
).
Clearly,
µϕ−1(A)′¯
0
(x) =
{
µϕ−1(A)0¯(x) x ∈ G0¯
0 x 6∈ G0¯, νϕ−1(A)′¯0(x) =
{
νϕ−1(A)′¯
0
(x) x ∈ G0¯
1 x 6∈ G0¯,
and
µϕ−1(A)′¯
1
(x) =
{
µϕ−1(A)′¯
1
(x) x ∈ G1¯
0 x 6∈ G1¯, νϕ−1(A)
′¯
1
(x) =
{
νϕ−1(A)′¯
1
(x) x ∈ G1¯
1 x 6∈ G1¯.
These show that ϕ−1(A)′
0¯
and ϕ−1(A)′
1¯
are the extensions of ϕ−1(A)0¯ and ϕ−1(A)1¯.
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For 0 6= x ∈ G ,we have
µϕ−1(A)′¯
0
(x) ∧ µϕ−1(A)′¯
1
(x) = ϕ−1(µA′¯
0
)(x) ∧ ϕ−1(µA′¯
1
)(x)
= µA′¯
0
(ϕ(x)) ∧ µA′¯
1
(ϕ(x)) = 0
and
νϕ−1(A)′¯
0
(x) ∨ νϕ−1(A)′¯
1
(x) = ϕ−1(νA′¯
0
)(x) ∨ ϕ−1(νA′¯
1
)(x)
= νA′¯
0
(ϕ(x)) ∨ νA′¯
1
(ϕ(x)) = 1.
Let x ∈ G .We have
µϕ−1(A)′¯
0
+ϕ−1(A)′¯
1
(x) = sup
x=a+b
{µϕ−1(A)′¯
0
(a) ∧ µϕ−1(A)′¯
1
(b)}
= sup
x=a+b
{ϕ−1(µA′¯
0
)(a) ∧ ϕ−1(µA′¯
1
)(b)}
= sup
x=a+b
{µA′¯
0
(ϕ(a)) ∧ µA′¯
1
(ϕ(b))}
= sup
ϕ(x)=ϕ(a)+ϕ(b)
{µA′¯
0
(ϕ(a)) ∧ µA′¯
1
(ϕ(b))}
= µA′¯
0
+A′¯
1
(ϕ(x)) = µA(ϕ(x)) = µϕ−1(A)(x)
and
νϕ−1(A)′¯
0
+ϕ−1(A)′¯
1
(x) = inf
x=a+b{νϕ−1(A)′¯0(a) ∨ νϕ−1(A)′¯1(b)}
= inf
x=a+b{ϕ
−1(νA′¯
0
)(a) ∨ ϕ−1(νA′¯
1
)(b)}
= inf
x=a+b{νA′¯0(ϕ(a)) ∨ νA′¯1(ϕ(b))}
= inf
ϕ(x)=ϕ(a)+ϕ(b)
{νA′¯
0
(ϕ(a)) ∨ νA′¯
1
(ϕ(b))}
= νA′¯
0
+A′¯
1
(ϕ(x)) = νA(ϕ(x)) = νϕ−1(A)(x).
So ϕ−1(A) = ϕ−1(A)0¯ ⊕ ϕ−1(A)1¯ is a Z2-graded intuitionistic fuzzy vector subspace of G .
Let x, y ∈ G . Then
(1) µϕ−1(A)([x, y]) = µA(ϕ([x, y])) = µA([ϕ(x), ϕ(y)]) ≥ µA(ϕ(x)) ∧ µA(ϕ(y)) = µϕ−1(A)(x) ∧ µϕ−1(A)(y), and
νϕ−1(A)([x, y]) = νA(ϕ([x, y])) = νA([ϕ(x), ϕ(y)]) ≤ νA(ϕ(x)) ∨ νA(ϕ(y)) = νϕ−1(A)(x) ∨ νϕ−1(A)(y), thus ϕ−1(A) is
an intuitionistic fuzzy Lie sub-superalgebra.
(2) µϕ−1(A)([x, y]) = µA(ϕ([x, y])) = µA([ϕ(x), ϕ(y)]) ≥ µA(ϕ(x)) ∨ µA(ϕ(y)) = µϕ−1(A)(x) ∨ µϕ−1(A)(y), and
νϕ−1(A)([x, y]) = νA(ϕ([x, y])) = νA([ϕ(x), ϕ(y)]) ≤ νA(ϕ(x)) ∧ νA(ϕ(y)) = νϕ−1(A)(x) ∧ νϕ−1(A)(y), thus ϕ−1(A) is
an intuitionistic fuzzy ideal. 
Proposition 4.2. Let ϕ : G → G ′ be a Lie homomorphism. If A = (µA, νA) is an intuitionistic fuzzy Lie sub-superalgebra of G ,
then the intuitionistic fuzzy set ϕ(A) is also an intuitionistic fuzzy Lie sub-superalgebra of G ′.
Proof. Since A = (µA, νA) is an intuitionistic fuzzy Lie sub-superalgebra of G , we have A = A0¯ ⊕ A1¯ where
A0¯ = (µA0¯ , νA0¯), A1¯ = (µA1¯ , νA1¯) are intuitionistic fuzzy vector subspaces of G0¯, G1¯, respectively. We define ϕ(A)0¯ =
(µϕ(A)0¯ , νϕ(A)0¯) where µϕ(A)0¯ = ϕ(µA0¯), νϕ(A)0¯ = ϕ(νA0¯), ϕ(A)1¯ = (µϕ(A)1¯ , νϕ(A)1¯) where µϕ(A)1¯ = ϕ(µA1¯), νϕ(A)1¯ = ϕ(νA1¯).
By Lemma 2.4, ϕ(A)0¯ and ϕ(A)1¯ are intuitionistic fuzzy subspaces of G0¯, G1¯, respectively. And extend them to ϕ(A)
′
0¯
, ϕ(A)′
1¯
,
we define ϕ(A)′
0¯
= (µϕ(A)′¯
0
, νϕ(A)′¯
0
) where µϕ(A)′¯
0
= ϕ(µA′¯
0
), νϕ(A)′¯
0
= ϕ(νA′¯
0
) and ϕ(A)′
1¯
= (µϕ(A)′¯
1
, νϕ(A)′¯
1
) where
µϕ(A)′¯
1
= ϕ(µA′¯
1
), νϕ(A)′¯
1
= ϕ(νA′¯
1
). Clearly,
µϕ(A)′¯
0
(x) =
{
µϕ(A)0¯(x) x ∈ G0¯
0 x 6∈ G0¯, νϕ(A)′¯0(x) =
{
νϕ(A)0¯(x) x ∈ G0¯
1 x 6∈ G0¯,
µϕ(A)′¯
1
(x) =
{
µϕ(A)1¯(x) x ∈ G1¯
0 x 6∈ G1¯, νϕ(A)′¯1(x) =
{
νϕ(A)1¯(x) x ∈ G1¯
1 x 6∈ G1¯.
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For 0 6= x ∈ G ′, then
µϕ(A)′¯
0
(x) ∧ µϕ(A)′¯
1
(x) = ϕ(µA′¯
0
)(x) ∧ ϕ(µA′¯
1
)(x)
= sup
x=ϕ(a)
{µA′¯
0
(a)} ∧ sup
x=ϕ(a)
{µA′¯
1
(a)}
= sup
x=ϕ(a)
{µA′¯
0
(a) ∧ µA′¯
1
(a)} = 0,
νϕ(A)′¯
0
(x) ∨ νϕ(A)′¯
1
(x) = ϕ(νA′¯
0
)(x) ∨ ϕ(νA′¯
1
)(x)
= inf
x=ϕ(a)
{νA′¯
0
(a)} ∨ inf
x=ϕ(a)
{νA′¯
1
(a)}
= inf
x=ϕ(a)
{νA′¯
0
(a) ∨ νA′¯
1
(a)} = 1.
Let y ∈ G ′. We have
µϕ(A)′¯
0
+ϕ(A)′¯
1
(y) = sup
y=a+b
{µϕ(A)′¯
0
(a) ∧ µϕ(A)′¯
1
(b)}
= sup
y=a+b
{ϕ(µA′¯
0
)(a) ∧ ϕ(µA′¯
1
)(b)}
= sup
y=a+b
{ sup
a=ϕ(m)
{µA′¯
0
(m)} ∧ sup
b=ϕ(n)
{µA′¯
1
(n)}}
= sup
y=ϕ(x)
{ sup
x=m+n
{µA′¯
0
(m) ∧ µA′¯
1
(n)}}
= sup
y=ϕ(x)
{(µA′¯
0
+A′¯
1
)(x)} = sup
y=ϕ(x)
{µA(x)} = µϕ(A)(y),
νϕ(A)′¯
0
+ϕ(A)′¯
1
(y) = inf
y=a+b{νϕ(A)′¯0(a) ∨ νϕ(A)′¯1(b)}
= inf
y=a+b{ϕ(νA′¯0)(a) ∨ ϕ(νA′¯1)(b)}
= inf
y=a+b{ infa=ϕ(m){νA′¯0(m)} ∨ infb=ϕ(n){νA′¯1(n)}}
= inf
y=ϕ(x)
{ inf
x=m+n{νA′¯0(m) ∨ νA′¯1(n)}}
= inf
y=ϕ(x)
{(νA′¯
0
+A′¯
1
)(x)} = inf
y=ϕ(x)
{νA(x)} = νϕ(A)(y).
So ϕ(A) = ϕ(A)0¯ ⊕ ϕ(A)1¯ is a Z2-graded intuitionistic fuzzy vector subspace.
Let x, y ∈ G ′. It is enough to show µϕ(A)([x, y]) ≥ µϕ(A)(x) ∧ µϕ(A)(y) and νϕ(A)([x, y]) ≤ νϕ(A)(x) ∨ νϕ(A)(y).
Suppose that µϕ(A)([x, y]) < µϕ(A)(x) ∧ µϕ(A)(y), we have µϕ(A)([x, y]) < µϕ(A)(x) and µϕ(A)([x, y]) < µϕ(A)(y). We
choose a number t ∈ [0, 1] such that µϕ(A)([x, y]) < t < µϕ(A)(x) and µϕ(A)([x, y]) < t < µϕ(A)(y). Then there
exist a ∈ ϕ−1(x), b ∈ ϕ−1(y) such that µA(a) > t, µA(b) > t. Since ϕ([a, b]) = [ϕ(a), ϕ(b)] = [x, y], we have
µϕ(A)([x, y]) = sup[x,y]=ϕ([a,b]){µA([a, b])} ≥ µA([a, b]) ≥ µA(a) ∧ µA(b) > t > µϕ(A)([x, y]). This is a contradiction.
Suppose that νϕ(A)([x, y]) > νϕ(A)(x) ∨ νϕ(A)(y),we have νϕ(A)([x, y]) > νϕ(A)(x) and νϕ(A)([x, y]) > νϕ(A)(y).We choose
a number t ∈ [0, 1] such that ϕ(ν)([x, y]) > t > νϕ(A)(x) and νϕ(A)([x, y]) > t > νϕ(A)(y). Then there exist a ∈
ϕ−1(x), b ∈ ϕ−1(y) such that νA(a) < t, νA(b) < t. Since ϕ([a, b]) = [ϕ(a), ϕ(b)] = [x, y], we have νϕ(A)([x, y]) =
inf[x,y]=ϕ([a,b]){νA([a, b])} ≤ νA([a, b]) ≤ νA(a) ∨ νA(b) < t < νϕ(A)([x, y]). This is a contradiction.
Therefore, ϕ(A) is an intuitionistic fuzzy Lie sub-superalgebra of G ′. 
Proposition 4.3. Let ϕ : G → G ′ be a surjective Lie homomorphism. If A = (µA, νA) is an intuitionistic fuzzy ideal of G , then
the intuitionistic fuzzy set ϕ(A) is also an intuitionistic fuzzy ideal of G ′.
Proof. The proof of Z2-graded intuitionistic fuzzy vector subspace is similar to Proposition 4.2. It is enough to show that
µϕ(A)([x, y]) ≥ µϕ(A)(x) ∨ µϕ(A)(y) and νϕ(A)([x, y]) ≤ νϕ(A)(x) ∧ νϕ(A)(y).
Suppose that µϕ(A)([x, y]) < µϕ(A)(x) ∨ µϕ(A)(y), we have µϕ(A)([x, y]) < µϕ(A)(x) or µϕ(A)([x, y]) < µϕ(A)(y). If
µϕ(A)([x, y]) < µϕ(A)(x), choose a number t ∈ [0, 1] such that µϕ(A)([x, y]) < t < µϕ(A)(x), then there exists a ∈ ϕ−1(x)
such that µA(a) > t. And because ϕ is surjective homomorphism, then there exists b ∈ ϕ−1(y). Since ϕ([a, b]) =
[ϕ(a), ϕ(b)] = [x, y],wehaveµϕ(A)([x, y]) = sup[x,y]=ϕ([a,b]){µA([a, b])} ≥ µA([a, b]) ≥ µA(a)∨µA(b) > t > µϕ(A)([x, y]).
This is a contradiction. The other case can be proved similarly.
Also, suppose that νϕ(A)([x, y]) > νϕ(A)(x) ∧ νϕ(A)(y), we have νϕ(A)([x, y]) > νϕ(A)(x) or νϕ(A)([x, y]) > νϕ(A)(y). If
νϕ(A)([x, y]) > νϕ(A)(x), choose a number t ∈ [0, 1] such that νϕ(A)([x, y]) > t > νϕ(A)(x), then there exists a ∈ ϕ−1(x) such
that νA(a) < t . And because ϕ is surjective homomorphism, then there exists b ∈ ϕ−1(y). Since ϕ([a, b]) = [ϕ(a), ϕ(b)] =
[x, y], we have νϕ(A)([x, y]) = inf[x,y]=ϕ([a,b]) {νA([a, b])} ≤ νA([a, b]) ≤ νA(a) ∧ νA(b) < t < νϕ(A)([x, y]). This is a
contradiction. The other case can be proved similarly. Hence ϕ(A) is an intuitionistic fuzzy ideal of G ′. 
Theorem 4.1. Let ϕ : G → G ′ be a surjective Lie homomorphism. If A = (µA, νA) and B = (µB, νB) are intuitionistic fuzzy
ideals of G , then ϕ(A+ B) = ϕ(A)+ ϕ(B).
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Proof. Let y ∈ G ′. We have
µϕ(A+B)(y) = sup
y=ϕ(x)
{µA+B(x)}
= sup
y=ϕ(x)
{ sup
x=a+b
{µA(a) ∧ µB(b)}}
= sup
y=ϕ(a)+ϕ(b)
{µA(a) ∧ µB(b)}
= sup
y=m+n
{ sup
m=ϕ(a)
{µA(a)} ∧ sup
n=ϕ(b)
{µB(b)}}
= sup
y=m+n
{µϕ(A)(m) ∧ µϕ(B)(n)}
= µϕ(A)+ϕ(B)(y)
and
νϕ(A+B)(y) = inf
y=ϕ(x)
{νA+B(x)}
= inf
y=ϕ(x)
{ inf
x=a+b{νA(a) ∨ νB(b)}}
= inf
y=ϕ(a)+ϕ(b)
{νA(a) ∨ νB(b)}
= inf
y=m+n{ infm=ϕ(a){νA(a)} ∨ infn=ϕ(b){νB(b)}}
= inf
y=m+n{νϕ(A)(m) ∨ νϕ(B)(n)}
= νϕ(A)+ϕ(B)(y). 
5. The intuitionistic fuzzy bracket product
Definition 5.1. For any intuitionistic fuzzy sets A = (µA, νA) and B = (µB, νB) of G , we define the intuitionistic fuzzy
bracket product [A, B] = (µ[A,B], ν[A,B])where
µ[A,B](x) =

sup
x=∑
i∈N
αi[xi,yi]
{min
i∈N {µA(xi) ∧ µB(yi)}} where αi ∈ k, xi, yi ∈ G
0 if x is not expressed as x =
∑
i∈N
αi[xi, yi]
and
ν[A,B](x) =

inf
x=∑
i∈N
αi[xi,yi]
{max
i∈N
{νA(xi) ∨ νB(yi)}} where αi ∈ k, xi, yi ∈ G
1 if x is not expressed as x =
∑
i∈N
αi[xi, yi].
Lemma 5.1. Let A1 = (µA1 , νA1), A2 = (µA2 , νA2), B1 = (µB1 , νB1) and B2 = (µB2 , νB2) be intuitionistic fuzzy sets of G such
that A1 ⊆ A2, B1 ⊆ B2. Then [A1, B1] ⊆ [A2, B2]. In particular, if A = (µA, νA), B = (µB, νB) are intuitionistic fuzzy sets of G ,
then [A1, B] ⊆ [A2, B] and [A, B1] ⊆ [A, B2].
Proof. Let x ∈ G . We have
µ[A1,B1](x) = sup
x=∑
i∈N
αi[xi,yi]
{min
i∈N {µA1(xi) ∧ µB1(yi)}}
≤ sup
x=∑
i∈N
αi[xi,yi]
{min
i∈N {µA2(xi) ∧ µB2(yi)}} = µ[A2,B2](x)
and
ν[A1,B1](x) = infx=∑
i∈N
αi[xi,yi]
{max
i∈N
{νA1(xi) ∨ νB1(yi)}}
≥ inf
x=∑
i∈N
αi[xi,yi]
{max
i∈N
{νA2(xi) ∨ νB2(yi)}} = ν[A2,B2](x). 
Theorem 5.1. Let A1 = (µA1 , νA1), A2 = (µA2 , νA2), B1 = (µB1 , νB1), B2 = (µB2 , νB2) and A = (µA, νA), B = (µB, νB) be any
intuitionistic fuzzy vector subspaces of G . Then [A1 + A2, B] = [A1, B] + [A2, B] and [A, B1 + B2] = [A, B1] + [A, B2].
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Proof. We only prove the first formula and the second one can be proved using the same method. Let x ∈ G ,we get
µ[A1+A2,B](x) = sup
x=∑
i∈N
αi[xi,yi]
{min
i∈N {µA1+A2(xi) ∧ µB(yi)}}
= sup
x=∑
i∈N
αi[xi,yi]
{min
i∈N { supxi=ai+bi
{µA1(ai) ∧ µA2(bi)} ∧ µB(yi)}}
= sup
x=∑
i∈N
αi[xi,yi]
{min
i∈N { supxi=ai+bi
{µA1(ai) ∧ µA2(bi) ∧ µB(yi)}}}
= sup
x=x1+x2
{min
i∈N { supx1=∑
i∈N
αi[ai,yi]
{µA1(ai) ∧ µB(yi)} ∧ { sup
x2=
∑
i∈N
αi[bi,yi]
{µA2(bi) ∧ µB(yi)}}}}
≤ sup
x=a+b
{µ[A1,B](a) ∧ µ[A2,B](b)} = µ[A1,B]+[A2,B](x)
and
ν[A1+A2,B](x) = infx=∑
i∈N
αi[xi,yi]
{max
i∈N
{νA1+A2(xi) ∨ νB(yi)}}
= inf
x=∑
i∈N
αi[xi,yi]
{max
i∈N
{ inf
xi=ai+bi
{νA1(ai) ∨ νA2(bi)} ∨ νB(yi)}}
= inf
x=∑
i∈N
αi[xi,yi]
{max
i∈N
{ inf
xi=ai+bi
{νA1(ai) ∨ νA2(bi) ∨ νB(yi)}}}
= inf
x=x1+x2
{max
i∈N
{ inf
x1=
∑
i∈N
αi[ai,yi]
{νA1(ai) ∨ νB(yi)} ∨ { infx2=∑
i∈N
αi[bi,yi]
{νA2(bi) ∨ νB(yi)}}}}
≥ inf
x=a+b{ν[A1,B](a) ∨ ν[A2,B](b)} = ν[A1,B]+[A2,B](x).
This shows that [A1 + A2, B] ⊆ [A1, B] + [A2, B].
Let x ∈ G . We have µA1+A2(x) = supx=a+b{µA1(a) ∧ µA2(b)} ≥ µA1(x) ∧ µA2(0) ≥ µA1(x) and νA1+A2(x) =
infx=a+b{νA1(a) ∨ νA2(b)} ≤ νA1(x) ∨ νA2(0) ≤ νA1(x). Hence A1 ⊆ A1 + A2. Similarly, A2 ⊆ A1 + A2. By Lemma 5.1,
we have [A1, B] ⊆ [A1 + A2, B], [A2, B] ⊆ [A1 + A2, B]. So [A1, B] + [A2, B] ⊆ [A1 + A2, B].
Hence we have [A1 + A2, B] = [A1, B] + [A2, B]. 
Theorem 5.2. Let A = (µA, νA) and B = (µB, νB) be intuitionistic fuzzy vector subspaces of G . Then for any α, β ∈ k, we have
[αA, B] = α[A, B] and [A, βB] = β[A, B].
Proof. Let 0 6= α ∈ k and x ∈ G , we have
µ[αA,B](x) = sup
x=∑
i∈N
αi[xi,yi]
{min
i∈N {µαA(xi) ∧ µB(yi)}}
= sup
x=∑
i∈N
αi[xi,yi]
{
min
i∈N
{
µA
(
1
α
xi
)
∧ µB(yi)
}}
= sup
x=∑
i∈N
ααi[ 1α xi,yi]
{
min
i∈N
{
µA
(
1
α
xi
)
∧ µB(yi)
}}
= µ[A,B]
( x
α
)
= αµ[A,B](x)
and
ν[αA,B](x) = inf
x=∑
i∈N
αi[xi,yi]
{max
i∈N
{ναA(xi) ∨ νB(yi)}}
= inf
x=∑
i∈N
αi[xi,yi]
{
max
i∈N
{
νA
(
1
α
xi
)
∨ νB(yi)
}}
= inf
x=∑
i∈N
ααi[ 1α xi,yi]
{
max
i∈N
{
νA
(
1
α
xi
)
∨ νB(yi)
}}
= ν[A,B]
( x
α
)
= αν[A,B](x).
If α = 0, x 6= 0, note that µ[αA,B](x) = supx=∑i∈N αi[xi,yi]{minx∈N{µαA(xi) ∧ µB(yi)}} and ν[αA,B](x) = infx=∑i∈N αi[xi,yi]{maxx∈N{ναA(xi) ∨ νB(yi)}}, there exists xi 6= 0, which implies µαA(xi) = 0 and ναA(xi) = 1. So, the conclusion holds.
If α = 0, x = 0, it is obvious. So [αA, B] = α[A, B]. The second one can be obtained similarly. 
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The following theorem shows that the intuitionistic fuzzy bracket product [ , ] remains bilinear.
Theorem 5.3. Let A1 = (µA1 , νA1), A2 = (µA2 , νA2), B1 = (µB1 , νB1), B2 = (µB2 , νB2) and A = (µA, νA), B = (µB, νB) be
intuitionistic fuzzy vector subspaces of G . Then for any α, β ∈ k, we have
[αA1 + βA2, B] = α[A1, B] + β[A2, B]
[A, αB1 + βB2] = α[A, B1] + β[A, B2]
Proof. The results follow from Theorem 5.1 and Theorem 5.2. 
Lemma 5.2. Let A = (µA, νA) and B = (µB, νB) be any two intuitionistic fuzzy vector subspaces of G . Then [A, B] is an
intuitionistic fuzzy vector subspace of G .
Proof. For any x, y ∈ G and α ∈ k. (1) Suppose that µ[A,B](x+ y) < µ[A,B](x) ∧ µ[A,B](y),we have µ[A,B](x+ y) < µ[A,B](x)
and µ[A,B](x + y) < µ[A,B](y). Choose a number t ∈ [0, 1] such that µ[A,B](x + y) < t < µ[A,B](x) and µ[A,B](x + y) <
t < µ[A,B](y), then there exist xi, yi, x′j, y
′
j ∈ G such that x =
∑
i∈N αi[xi, yi], y =
∑
j∈N βj[x′j, y′j] and for all i, j, we have
µA(xi) > t, µB(yi) > t, µA(x′j) > t, µB(y
′
j) > t. Since x + y =
∑
i∈N αi[xi, yi] +
∑
j∈N βj[x′j, y′j], we get µ[A,B](x + y) =
µ[A,B](
∑
i∈N αi[xi, yi] +
∑
j∈N βj[x′j, y′j]) > t > µ[A,B](x+ y), this is a contradiction. So µ[A,B](x+ y) ≥ µ[A,B](x) ∧ µ[A,B](y).
Similarly, suppose that ν[A,B](x+ y) > ν[A,B](x) ∨ ν[A,B](y),we have ν[A,B](x+ y) > ν[A,B](x) and ν[A,B](x+ y) > ν[A,B](y).
Choose a number t ∈ [0, 1] such that ν[A,B](x + y) > t > ν[A,B](x) and ν[A,B](x + y) > t > ν[A,B](y), then there exist
xi, yi, x′j, y
′
j ∈ G such that x =
∑
i∈N αi[xi, yi], y =
∑
j∈N βj[x′j, y′j] and for all i, j, we have νA(xi) < t, νB(yi) < t, νA(x′j) <
t, νB(y′j) < t. Since x+ y =
∑
i∈N αi[xi, yi]+
∑
j∈N βj[x′j, y′j],we get ν[A,B](x+ y) = ν[A,B](
∑
i∈N αi[xi, yi]+
∑
j∈N βj[x′j, y′j]) <
t < ν[A,B](x+ y), this is a contradiction. So ν[A,B](x+ y) ≤ ν[A,B](x) ∨ ν[A,B](y).
(2) It is clear that µ[A,B](αx) ≥ µ[A,B](x) and ν[A,B](αx) ≤ ν[A,B](x). 
Let A = (µA, νA) and B = (µB, νB) beZ2-graded intuitionistic fuzzy vector subspaces of G . Then A = A0¯⊕A1¯, B = B0¯⊕B1¯,
where A0¯, B0¯ are intuitionistic fuzzy vector subspaces of G0¯ and A1¯, B1¯ are intuitionistic fuzzy vector subspaces of G1¯. We
define :
[A0¯, B0¯] = (µ[A0¯,B0¯], ν[A0¯,B0¯]), where µ[A0¯,B0¯](x) = sup
x=∑
i∈N
αi[xi,yi]
{min
i∈N {µA0¯(xi) ∧ µB0¯(yi)}}
and ν[A0¯,B0¯](x) = infx=∑
i∈N
αi[xi,yi]
{max
i∈N
{νA0¯(xi) ∨ νB0¯(yi)}}, for xi ∈ G0¯
and yi ∈ G0¯,
[A0¯, B1¯] = (µ[A0¯,B1¯], ν[A0¯,B1¯]), where µ[A0¯,B1¯](x) = sup
x=∑
i∈N
αi[xi,yi]
{min
i∈N {µA0¯(xi) ∧ µB1¯(yi)}}
and ν[A0¯,B1¯](x) = infx=∑
i∈N
αi[xi,yi]
{max
i∈N
{νA0¯(xi) ∨ νB1¯(yi)}}, for xi ∈ G0¯ and yi ∈ G1¯,
[A1¯, B0¯] = (µ[A1¯,B0¯], ν[A1¯,B0¯]), where µ[A1¯,B0¯](x) = sup
x=∑
i∈N
αi[xi,yi]
{min
i∈N {µA1¯(xi) ∧ µB0¯(yi)}}
and ν[A1¯,B0¯](x) = infx=∑
i∈N
αi[xi,yi]
{max
i∈N
{νA1¯(xi) ∨ νB0¯(yi)}}, for xi ∈ G1¯ and yi ∈ G0¯,
[A1¯, B1¯] = (µ[A1¯,B1¯], ν[A1¯,B1¯]), where µ[A1¯,B1¯](x) = sup
x=∑
i∈N
αi[xi,yi]
{min
i∈N {µA1¯(xi) ∧ µB1¯(yi)}}
and ν[A1¯,B1¯](x) = infx=∑
i∈N
αi[xi,yi]
{max
i∈N
{νA1¯(xi) ∨ νB1¯(yi)}}, for xi ∈ G1¯ and yi ∈ G1¯.
Note that [A0¯, B0¯], [A1¯, B1¯] are intuitionistic fuzzy sets of G0¯ and [A0¯, B1¯], [A1¯, B0¯] are intuitionistic fuzzy sets of G1¯.
Lemma 5.3. Let A = (µA, νA) and B = (µB, νB) be any two Z2-graded intuitionistic fuzzy vector subspaces of G . Then
[A, B]0¯ := [A0¯, B0¯] + [A1¯, B1¯] is an intuitionistic fuzzy vector subspace of G0¯,[A, B]1¯ := [A0¯, B1¯] + [A1¯, B0¯] is an intuitionistic fuzzy vector subspace of G1¯ and[A, B] is a Z2-graded intuitionistic fuzzy vector subspace of G .
Proof. Since [A0¯, B0¯] and [A1¯, B1¯] are intuitionistic fuzzy vector subspaces of G0¯ by Lemma 5.2, we can get that [A, B]0¯ :=[A0¯, B0¯]+ [A1¯, B1¯] is an intuitionistic fuzzy vector subspace of G0¯ by Lemma 2.1. Similarly, [A, B]1¯ := [A0¯, B1¯]+ [A1¯, B0¯] is an
intuitionistic fuzzy vector subspace of G1¯.We define [A, B]′0¯ := [A′0¯, B′0¯] + [A′1, B′1¯] and [A, B]′1¯ := [A′0¯, B′1¯] + [A′1, B′0¯].
1658 W. Chen, S. Zhang / Computers and Mathematics with Applications 58 (2009) 1645–1661
Let x ∈ G0¯.We have
µ[A,B]′¯
0
(x) = (µ[A′¯
0
,B′¯
0
]+[A′¯
1
,B′¯
1
])(x)
= sup
x=a+b
{µ[A′¯
0
,B′¯
0
](a) ∧ µ[A′¯
1
,B′¯
1
](b)}
= sup
x=a+b
{ sup
a=∑
i∈N
αi[ki,li]
{min
i∈N {µA′¯0(ki) ∧ µB′¯0(li)}} ∧ supb=∑
i∈N
βi[mi,ni]
{min
i∈N {µA′¯1(mi) ∧ µB′¯1(ni)}}}
= sup
x=a+b
{ sup
a=∑
i∈N
αi[ki,li]
{min
i∈N {µA0¯(ki) ∧ µB0¯(li)}} ∧ supb=∑
i∈N
βi[mi,ni]
{min
i∈N {µA1¯(mi) ∧ µB1¯(ni)}}}
= sup
x=a+b
{µ[A0¯,B0¯](a) ∧ µ[A1¯,B1¯](b)}
= (µ[A0¯,B0¯]+[A1¯,B1¯])(x) = µ[A,B]0¯(x)
and
ν[A,B]′¯
0
(x) = (ν[A′¯
0
,B′¯
0
]+[A′¯
1
,B′¯
1
])(x)
= inf
x=a+b{ν[A′¯0,B′¯0](a) ∨ ν[A′¯1,B′¯1](b)}
= inf
x=a+b{ infa=∑
i∈N
αi[ki,li]
{max
i∈N
{νA′¯
0
(ki) ∨ νB′¯
0
(li)}} ∨ inf
b=∑
i∈N
βi[mi,ni]
{max
i∈N
{νA′¯
1
(mi) ∨ νB′¯
1
(ni)}}}
= inf
x=a+b{ infa=∑
i∈N
αi[ki,li]
{max
i∈N
{νA0¯(ki) ∨ νB0¯(li)}} ∨ infb=∑
i∈N
βi[mi,ni]
{max
i∈N
{νA1¯(mi) ∨ νB1¯(ni)}}}
= inf
x=a+b{ν[A0¯,B0¯](a) ∨ ν[A1¯,B1¯](b)}
= (ν[A0¯,B0¯]+[A1¯,B1¯])(x) = ν[A,B]0¯(x).
Let x 6∈ G0¯. Then µ[A,B]′¯
0
(x) = 0 and ν[A,B]′¯
0
(x) = 1.
Similarly, for x ∈ G1¯, we have µ[A,B]′¯
1
(x) = µ[A,B]1¯(x) and ν[A,B]′¯1(x) = ν[A,B]1¯(x), for x 6∈ G1¯, we have µ[A,B]′¯1(x) = 0 and
ν[A,B]′¯
1
(x) = 1. Then [A, B]′
0¯
and [A, B]′
1¯
are the extensions of [A, B]0¯ and [A, B]1¯.
Clearly, [A, B]′
0¯
∩ [A, B]′
1¯
= (µ[A,B]′¯
0
∩[A,B]′¯
1
, ν[A,B]′¯
0
∩[A,B]′¯
1
), where
µ[A,B]′¯
0
∩[A,B]′¯
1
(x) = µ[A,B]′¯
0
(x) ∧ µ[A,B]′¯
1
(x) =
{
1 x = 0
0 x 6= 0,
ν[A,B]′¯
0
∩[A,B]′¯
1
(x) = ν[A,B]′¯
0
(x) ∨ ν[A,B]′¯
1
(x) =
{
0 x = 0
1 x 6= 0.
Let x ∈ G . We have
[A, B](x) = [A′0¯ + A′1¯, B′0¯ + B′1¯](x)
= ([A′0¯, B′0¯] + [A′1¯, B′1¯] + [A′0¯, B′1¯] + [A′1¯, B′0¯])(x)
= ([A, B]′0¯ + [A, B]′1¯)(x).
Hence [A, B] = [A, B]0¯ ⊕ [A, B]1¯ is a Z2-graded intuitionistic fuzzy vector subspace. 
Lemma 5.4. Let A = (µA, νA) and B = (µB, νB) be any two Z2-graded intuitionistic fuzzy vector subspaces of G . Then
[A, B] = [B, A].
Proof. Since A = (µA, νA) and B = (µB, νB) are Z2-graded intuitionistic fuzzy vector subspaces of G , we know that [A, B]
is a Z2-graded intuitionistic fuzzy vector subspace by Lemma 5.3, so for x ∈ G , we have µ[A,B](x) = µ([A,B]0¯⊕[A,B]1¯)(x) =
µ[A,B]0¯(x0¯) ∧ µ[A,B]1¯(x1¯), ν[A,B](x) = ν([A,B]0¯⊕[A,B]1¯)(x) = ν[A,B]0¯(x0¯) ∨ ν[A,B]1¯(x1¯).
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Hence,
µ[A,B]0¯(x0¯) = µ([A0¯,B0¯]+[A1¯,B1¯])(x0¯) = supx0¯=a+b
{µ[A0¯,B0¯](a) ∧ µ[A1¯,B1¯](b)}
= sup
x0¯=a+b
{ sup
a=∑
i∈N
αi[ki,li]
{min
i∈N {µA0¯(ki) ∧ µB0¯(li)}} ∧ supb=∑
i∈N
βi[mi,ni]
{min
i∈N {µA1¯(mi) ∧ µB1¯(ni)}}}
= sup
x0¯=a+b
{ sup
−a=∑
i∈N
αi[li,ki]
{min
i∈N {µB0¯(li) ∧ µA0¯(ki)}} ∧ supb=∑
i∈N
βi[ni,mi]
{min
i∈N {µB1¯(ni) ∧ µA1¯(mi)}}}
= sup
x0¯=a+b
{ sup
a=∑
i∈N
(−αi)[li,ki]
{min
i∈N {µB0¯(li) ∧ µA0¯(ki)}} ∧ supb=∑
i∈N
βi[ni,mi]
{min
i∈N {µB1¯(ni) ∧ µA1¯(mi)}}}
= sup
x0¯=a+b
{µ[B0¯,A0¯](a) ∧ µ[B1¯,A1¯](b)} = µ[B,A]0¯(x0¯)
and
ν[A,B]0¯(x0¯) = ν([A0¯,B0¯]+[A1¯,B1¯])(x0¯) = infx0¯=a+b{ν[A0¯,B0¯](a) ∨ ν[A1¯,B1¯](b)}
= inf
x0¯=a+b
{ inf
a=∑
i∈N
αi[ki,li]
{max
i∈N
{νA0¯(ki) ∨ νB0¯(li)}} ∨ infb=∑
i∈N
βi[mi,ni]
{max
i∈N
{νA1¯(mi) ∨ νB1¯(ni)}}}
= inf
x0¯=a+b
{ inf
−a=∑
i∈N
αi[li,ki]
{max
i∈N
{νB0¯(li) ∨ νA0¯(ki)}} ∨ infb=∑
i∈N
βi[ni,mi]
{max
i∈N
{νB1¯(ni) ∨ νA1¯(mi)}}}
= inf
x0¯=a+b
{ inf
a=∑
i∈N
(−αi)[li,ki]
{max
i∈N
{νB0¯(li) ∨ νA0¯(ki)}} ∨ infb=∑
i∈N
βi[ni,mi]
{max
i∈N
{νB1¯(ni) ∨ νA1¯(mi)}}}
= inf
x0¯=a+b
{ν[B0¯,A0¯](a) ∨ ν[B1¯,A1¯](b)} = ν[B,A]0¯(x0¯).
So [A, B] = [B, A]. 
Theorem 5.4. Let A = (µA, νA) and B = (µB, νB) be any two intuitionistic fuzzy ideals of G . Then [A, B] is also an intuitionistic
fuzzy ideal of G .
Proof. Since A = (µA, νA) and B = (µB, νB) are intuitionistic fuzzy ideals of G , we know that [A, B] is a Z2-graded
intuitionistic fuzzy vector subspace by Lemma 5.4. In order to prove this theorem, we only remain to show that
µ[A,B]([x, y]) ≥ µ[A,B](x) ∨ µ[A,B](y) and ν[A,B]([x, y]) ≤ ν[A,B](x) ∧ ν[A,B](y).
Suppose that µ[A,B]([x, y]) < µ[A,B](x) ∨ µ[A,B](y), we have µ[A,B]([x, y]) < µ[A,B](x) or µ[A,B]([x, y]) < µ[A,B](y). Let
µ[A,B]([x, y]) < µ[A,B](x). Choose a number t ∈ [0, 1] such that µ[A,B]([x, y]) < t < µ[A,B](x), then there exist xi, yi ∈ G
and αi ∈ k such that x = ∑i∈N αi[xi, yi] and for all i, µA(xi) > t, µB(yi) > t. Moreover, µA(xi) = (µA0¯+A1¯)(xi0¯ + xi1¯) =
µA0¯(xi0¯)∧µA1¯(xi1¯) > t, thenwehaveµA0¯(xi0¯) > t, µA1¯(xi1¯) > t , andµB(yi) = (µB0¯+B1¯)(yi0¯+yi1¯) = µB0¯(yi0¯)∧µB1¯(yi1¯) > t,
then µB0¯(yi0¯) > t, µB1¯(yi1¯) > t.
Because [x, y] = [∑i∈N αi[xi, yi], y] =∑i∈N αi[[xi, yi], y], and
[[xi, yi], y] = [[xi0¯ + xi1¯ , yi0¯ + yi1¯ ], y]
= [[xi0¯ , yi0¯ ] + [xi1¯ , yi1¯ ] + [xi0¯ , yi1¯ ] + [xi1¯ , yi0¯ ], y]
= [[xi0¯ , yi0¯ ], y] + [[xi1¯ , yi1¯ ], y] + [[xi0¯ , yi1¯ ], y] + [[xi1¯ , yi0¯ ], y]
= [xi0¯ , [yi0¯ , y]] − [yi0¯ , [xi0¯ , y]] + [xi1¯ , [yi1¯ , y]] + [yi1¯ , [xi1¯ , y]] + [xi0¯ , [yi1¯ , y]] − [yi1¯ , [xi0¯ , y]]
+ [xi1¯ , [yi0¯ , y]] − [yi0¯ , [xi1¯ , y]]
= [xi, [yi, y]] − [yi0¯ , [xi0¯ , y]] + [yi1¯ , [xi1¯ , y]] − [yi1¯ , [xi0¯ , y]] − [yi0¯ , [xi1¯ , y]],
we get
µ[A,B]([x, y]) = µ[A,B]
(∑
i∈N
αi[[xi, yi], y]
)
≥ µ[A,B]([[xi, yi], y])
≥ min

µ[A,B]([xi, [yi, y]]) (1)
µ[A,B](−[yi0¯ , [xi1¯ , y]]) (2)
µ[A,B]([yi1¯ , [xi1¯ , y]]) (3)
µ[A,B](−[yi1¯ , [xi0¯ , y]]) (4)
µ[A,B](−[yi0¯ , [xi1¯ , y]]) (5)
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if (1) is minimum, then we have
µ[A,B]([xi, [yi, y]]) ≥ µA(xi) ∧ µB([yi, y])
≥ µA(xi) ∧ (µB(yi) ∨ µB(y)) > t;
if (2) is minimum, then we have
µ[A,B](−[yi0¯ , [xi0¯ , y]]) = µ[A,B]([[xi0¯ , y], yi0¯ ])
≥ µA([xi0¯ , y]) ∧ µB(yi0¯)
≥ (µA(xi0¯) ∨ µA(y)) ∧ µB(yi0¯)
= (µA0¯(xi0¯) ∨ µA(y)) ∧ µB0¯(yi0¯) > t;
if (3) is minimum, then by Lemma 5.4 we have
µ[A,B]([yi1¯ , [xi1¯ , y]]) = µ[B,A]([yi1¯ , [xi1¯ , y]])
≥ µB(yi1¯) ∧ µA([xi1¯ , y])
≥ µB(yi1¯) ∧ (µA(xi1¯) ∨ µA(y))
= µB1¯(yi1¯) ∧ (µA1¯(xi1¯) ∨ µA(y)) > t;
if (4) is minimum, then we have
µ[A,B](−[yi1¯ , [xi0¯ , y]]) ≥ µ[A,B]([yi1¯ , [xi0¯ , y]])
= µ[B,A]([yi1¯ , [xi0¯ , y]])
≥ µB(yi1¯) ∧ (µA(xi0¯) ∨ µA(y))
= µB1¯(yi1¯) ∧ (µA0¯(xi0¯) ∨ µA(y)) > t;
if (5) is minimum, then the case is similar to (2), we can also get
µ[A,B](−[yi0¯ , [xi1¯ , y]]) > t.
So we have µ[A,B]([x, y]) > t > µ[A,B]([x, y]), this is a contradiction. We use the similar method to prove the case of
µ[A,B]([x, y]) < µ[A,B](y).
Also,
ν[A,B]([x, y]) = ν[A,B]
(∑
i∈N
αi[[xi, yi], y]
)
≤ ν[A,B]([[xi, yi], y])
≤ max

ν[A,B]([xi, [yi, y]]) (1′)
ν[A,B](−[yi0¯ , [xi1¯ , y]]) (2′)
ν[A,B]([yi1¯ , [xi1¯ , y]]) (3′)
ν[A,B](−[yi1¯ , [xi0¯ , y]]) (4′)
ν[A,B](−[yi0¯ , [xi1¯ , y]]) (5′)
if (1′) is maximum, then we have
ν[A,B]([xi, [yi, y]]) ≤ νA(xi) ∨ νB([yi, y])
≤ νA(xi) ∨ (νB(yi) ∧ νB(y)) < t;
if (2′) is maximum, then we have
ν[A,B](−[yi0¯ , [xi0¯ , y]]) = ν[A,B]([[xi0¯ , y], yi0¯ ])
≤ νA([xi0¯ , y]) ∨ νB(yi0¯)
≤ (νA(xi0¯) ∧ νA(y)) ∨ νB(yi0¯)
= (νA0¯(xi0¯) ∧ νA(y)) ∨ νB0¯(yi0¯) < t;
if (3′) is maximum, then by Lemma 5.4 we have
ν[A,B]([yi1¯ , [xi1¯ , y]]) = ν[B,A]([yi1¯ , [xi1¯ , y]])
≤ νB(yi1¯) ∨ νA([xi1¯ , y])
≤ νB(yi1¯) ∨ (νA(xi1¯) ∧ νA(y))
= νB1¯(yi1¯) ∨ (νA1¯(xi1¯) ∧ νA(y)) < t;
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if (4′) is maximum, then we have
ν[A,B](−[yi1¯ , [xi0¯ , y]]) ≤ ν[A,B]([yi1¯ , [xi0¯ , y]])
= ν[B,A]([yi1¯ , [xi0¯ , y]])
≤ νB(yi1¯) ∨ (νA(xi0¯) ∧ νA(y))
= νB1¯(yi1¯) ∨ (νA0¯(xi0¯) ∧ νA(y)) < t;
if (5′) is maximum, then the case is similar to (2′), we can also get
ν[A,B](−[yi0¯ , [xi1¯ , y]]) < t.
So we have ν[A,B]([x, y]) < t < ν[A,B]([x, y]), this is a contradiction. We use the similar method to prove the case of
ν[A,B]([x, y]) > ν[A,B](y).
Hence [A, B] is an intuitionistic fuzzy ideal of G . 
6. Conclusion
The concepts of intuitionistic fuzzy sets which are the generalization of the fuzzy sets have already been applied in
algebra, topological space, knowledge engineering, natural language, and neural network, etc. The aim of this paper is
to introduce the intuitionistic fuzzy sets to Lie superalgebras and study the related properties. The intuitionistic fuzzy
bracket product is given and investigated. One of our future works will focus on studying the solvable and nilpotent
intuitionistic fuzzy ideals of Lie superalgebras using the intuitionistic fuzzy bracket product. We will also study θ-colored
Lie superalgebras and graded Lie superalgebras in the intuitionistic fuzzy setting.
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